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We report the observation, by means of high-resolution inelastic x-ray scattering, of an unusually large
temperature dependence of the sound attenuation of a network glass at terahertz frequency, an
unprecedentedly observed phenomenon. The anharmonicity can be ascribed to the interaction between
the propagating acoustic wave and the bath of thermal vibrations. At low temperatures the sound
attenuation follows a Rayleigh-Gans scattering law. As the temperature is increased the anharmonic process
sets in, resulting in an almost quadratic frequency dependence of the damping in the entire frequency range.
We show that the temperature variation of the sound damping accounts quantitatively for the temperature
dependence of the density of vibrational states.
DOI: 10.1103/PhysRevLett.112.125502
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When the wavelength of a sound wave is sufficiently
large with respect to the average size of the elastic modulus
fluctuations, an amorphous solid behaves in a way similar
to a continuous elastic medium. Since the elasticity of a
glass is typically correlated on the nanometer scale [1–3],
the wave propagation is influenced by the heterogeneous
elasticity of the material when the frequency reaches the
terahertz range [3]. A proper understanding of the propagation of elastic waves in random media is of great interest
for many diverse fields. Examples are the attenuation of
seismic waves in Earth’s lithosphere [4,5] or the ability to
tune the thermal conductivity of a thermoelectric material
[6,7]. From a more fundamental perspective, the main
unsolved problem concerns the nature of the vibrational
modes of glasses in the few terahertz frequency range and
the associated thermal transport properties [8–10]. The
reduced density of vibrational states (RDOS) gðωÞ=ω2
deviates from the Debye prediction and presents a peak,
usually termed the boson peak (BP). This excess of states is
often related to the known low temperature anomalies of
the specific heat and of the thermal conductivity [8].
Various models have been proposed to explain the BP
anomaly, models that we can classify in three main groups,
without the claim of being exhaustive. A first group
includes those models, such as the soft potential model
[11,12] and the jamming scenario [13], that associate the
BP to quasilocalized soft modes. A second class of models
relates the excess of states to the elastic heterogeneities of
the glass. For instance, Ref. [14] suggests the appearance of
localized modes close to the elastic heterogeneities, while
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the model of Refs. [15,16], recently extended to also take
into account the role of anharmonic interactions [17],
demonstrates that a distribution of random elastic constants
can give rise to a peak in the RDOS. As a third class we
mention those models where the BP is explained as a
broadened first van Hove singularity, shifted to lower
frequency by the disorder [18] and by the difference in
mass density between the glass and the corresponding
crystalline structure [19,20].
The dynamic structure factor SðQ; ωÞ provides richer
information on the glass vibrations with respect to the
density of states (DOS). From its knowledge one can obtain
the dispersion and damping of the pseudoacoustic excitations. Many inelastic x-ray scattering (IXS) experiments
[21–26] have shown that the sound attenuation Γ of glasses
at frequencies ν close to but smaller than that of the BP is
dominated by an “elastic” scattering process, which grows as
the fourth power of the frequency. The origin of the strong
scattering regime, Γ ∼ ν4 , is debated in the literature
[9,27–32], but recent experiments [3] and theories [33]
support the interpretation, dating back to Rayleigh [34], of
sound wave scattering from elastic modulus fluctuations. All
of the IXS experiments performed up to now have, to the
best of our knowledge, supported the idea that the sound
damping at these frequencies is not affected by anharmonic
processes [35].
Besides the scattering by random inhomogeneities, other
mechanisms, related to anharmonic or relaxational processes, can attenuate a sound wave. It is well known that
quantum tunneling or thermally activated relaxation
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processes between two level states give rise to sound
attenuation in glasses at relatively low temperatures and
frequencies [36]. Purely anharmonic processes are usually
present at higher temperatures and frequencies [37] and are
qualitatively similar to the main attenuation processes in
crystalline solids [38,39]. In crystals the attenuation at
sufficiently low frequencies can be computed in the
Akhieser approximation [40], where the sound wave is
considered to interact with the assembly of thermal
vibrations as a whole. Very little is known about the
anharmonicity of vibrations in glasses in the terahertz
frequency regime. Experiments on ethanol indicate that
glass has higher Grüneisen constants than the corresponding crystalline phases [41]. A model for the third and fourth
order anharmonicity in glasses suggests that these processes are responsible for the quasielastic scattering in the
glass transition region and above [42]. Some evidences of a
temperature dependence of the intermediate scattering
function around the BP region have also been reported
[43,44], based on molecular dynamics simulations of
vitreous silica at high temperatures (T > T g ). However,
other molecular dynamics simulations studies of the same
system [45] support the hypothesis that the BP vibrations in
the glass have a predominantly harmonic character.
In this Letter we report the first experimental evidence of
a purely anharmonic process responsible for a marked
temperature variation of the sound attenuation of a network
glass at terahertz frequency. We then study in detail the
relation between the sound propagation and the density of
states, showing that the temperature variation of the sound
damping can account quantitatively for the temperature
dependence of the DOS.
The studied glass is a sodium silicate, 60%SiO2 –
40%Na2 O, that has been chosen for its relatively low glass
transition temperature (T g ∼ 694 K [46]) and because of
its high x-ray scattering cross section, which allowed us
to obtain high-quality IXS spectra. Details of the sample
preparation can be found in Ref. [47]. The IXS experiment
has been performed at the ID16 beam line of the ESRF in
Grenoble (France). The spectrometer has been operated at
the (12,12,12) reflection of the main Si crystal monochromator (Ein ∼ 23.7 keV), leading to an energy resolution
ΔE ∼ 1.5 meV, corresponding to a frequency resolution
Δν ∼ 0.36 THz.
The IXS spectra are collected at fixed momentum transfer
Q values as a function of frequency. The IXS cross section is
proportional to the dynamic structure factor SðQ; ωÞ convoluted with the instrumental resolution function RðωÞ. The
proportionality factor, which is a function of the analyzer
reflectivity, the detectors efficiency, and the atomic form
factors, is determined using the second moment sum rule
[48]. At sufficiently low Q’s the SðQ; ωÞ of a glass can be
modeled as a delta function for the elastic line and a damped
harmonic oscillator (DHO) for the inelastic component.
Further details of the data analysis can be found in the
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FIG. 1 (color online). Inelastic part of the IXS spectra at
selected Q values. The three columns correspond to the indicated
temperatures. The continuous red line is the best fitting DHO
function. The dashed blue line is the resolution function plotted at
the position of the Stokes peak. The residues are plotted in
standard deviation units below each spectrum.

Supplemental Material [49]. Figure 1 shows the inelastic part
of the measured intensity for a selection of Q’s at three
temperatures below T g. The excellent agreement between the
model and the data can be inferred from the low values of the
residues, shown below each spectrum.
At variance with the common belief that the sound
attenuation in glasses at terahertz frequency is temperature
independent [35], here we find evidence that Γ is markedly
affected by temperature. This observation, reported here for
the first time, is discernible directly from Fig. 1. At the
lowest temperature and Q (the panel in the upper left corner
of the figure), the width of the spectrum is close to the
instrumental resolution (dashed line) and Γ approaches the
lowest measurable value. As the temperature is increased,
the spectrum broadens with respect to the resolution
function, implying a temperature dependence of Γ. The
relative variation of Γ with temperature gets smaller as Q is
increased, as shown by the second and third rows of Fig. 1.
The inelastic peak position ΩðQÞ and its full width
at half maximum ΓðQÞ, obtained by a minimization of the
χ 2 between the DHO model and the spectra, are shown in
Fig. 2 as open symbols. It is worth noting here that Ω is the
peak of the longitudinal current:
JL ðQ; ωÞ ¼

ω2
SðQ; ωÞ;
Q2

(1)

whilep
the
peak of SðQ; ωÞ is found, for the DHO model, at
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ω̄ ¼ Ω2 − Γ2 =2 [50]. By comparing the dynamics of a
glass and the corresponding polycrystal, we have recently
shown [3] that the longitudinal pseudoacoustic branch is
located close to ω̄, while Ω is shifted to higher frequencies
when opticlike modes set in. Figure 2(a) shows the different
Q dependence of ΩðQÞ and ω̄ðQÞ, open and closed
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FIG. 2 (color online). (a) Dispersion of the quasilongitudinal
branch. The open symbols refer to the parameter Ω of the DHO,
the peak of the longitudinal current. The full symbols are the peak
positions of the SðQ; ωÞ, ω̄. Red circles, 600 K; green triangles,
300 K; blue diamonds, 100 K. The pink horizontal line indicates
the BP frequency νBP. (b) Q dependence of the sound attenuation.
The dashed lines are guides for the eyes at the indicated slopes.
Symbols as in (a).

symbols, respectively. While ΩðQÞ is approximately linear
in the entire explored Q range, ω̄ðQÞ deviates from
linearity when Q ≥ 3 nm−1 and reaches a maximum
value ω̄max ∼ 2.7 THz. It is reasonable to assume that
also in our case the separation between Ω and ω̄ is related
to the emergence of opticlike modes, which give rise to
a broadening of the spectrum. If ω̄ is assumed to be close
to the frequency of the quasilongitudinal acoustic branch,
the dispersion of the quasitransverse branch can be
estimated from the values of the macroscopic longitudinal
and transverse sound velocities, vL and vT . In particular,
the maximum of the quasitransverse branch is expected to
be located at ωTmax ∼ ðvT =vL Þω̄max ∼ 1.5 THz, very close
to the BP position νBP [47]. Our analysis is thus consistent
with other evidences [18–20] suggesting that the BP is a
smeared first van Hove singularity of the TA phonons.
The variation with temperature of the Q dependence of Γ is
shown in Fig. 2(b). The sound attenuation at low temperature
experiences a fast increase with Q at low Q’s, in agreement
with the Rayleigh scattering law, Γ ∼ Q4 . On the contrary, the
600 K data follow a ∼Q2 law in the entire explored Q range
but with a slightly higher slope at high Q’s.
The temperature and frequency dependence of the sound
attenuation can be modeled as the sum of an anharmonic
term and a term accounting for the Rayleigh-Gans [51]
scattering from fluctuations in the local elastic modulus:
Γ ¼ ΓAK þ ΓRG ¼

2

2

γ cV vL T ω τ
þ ΓRG ðϵ2 ; aÞ: (2)
2v3D 1 þ ω2 τ2

Here we assume an Akhieser mechanism for the anharmonic
contribution ΓAK , whose strength is proportional to an average
Grüneisen constant γ and to the specific heat cV ðTÞ, while vD
is the Debye sound velocity [37–39]. The Rayleigh-Gans term
ΓRG is taken from the literature [5], where it is computed
in the Born approximation, and is proportional to the variance
of the spatial fluctuations of the local sound velocity,
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ϵ2 ¼ hðΔv=vÞ2 i. ΓRG increases as ω4 up to ω ∼ v=a, where
a is the correlation length of the fluctuations.
The unknown parameters of Eq. (2), γ, τðTÞ, ϵ2 ðTÞ,
aðTÞ, are estimated from a cumulative χ 2 fit of the model to
the sets of data at the three temperatures, as shown in Fig. 3,
where we plot the quantity 2πΓ=Ω2. The resulting anharmonic contributions are shown as dashed lines in the figure.
The low frequency point (full triangle) is measured by
means of high-resolution Brillouin light scattering at room
temperature and suggests the presence of additional anharmonic processes at low frequencies, likely related to
thermally activated relaxations [37]. More details on the
light scattering setup can be found in Ref. [52]. The term
ΓRG is affected by a mild temperature dependence arising
from a weak variation of the correlation length a, as shown
in the inset of the figure. The analysis indicates that the
anharmonic contribution at 100 K is negligible in the
explored frequency range. On the contrary, the decrease of
the relaxation time of the Akhieser mechanism at 600 K
(T=T g ¼ 0.86) gives rise to an increases of the low
frequency part of the sound attenuation, making it roughly
proportional to ω2 in the entire explored frequency range.
The elastic modulus fluctuations responsible for the
Rayleigh scattering of the sound waves decay over a
correlation length a, which is between 50% and 80% larger
than the silicon-oxygen distance, in agreement with recent
findings in silica [3]. Consequently, these fluctuations take
place over a distance close to, or slightly larger than, that of
an SiO4 tetrahedron, the structural unit responsible for the

FIG. 3 (color online). 2πðΓ=Ω2 Þ as a function of frequency at
the three investigated temperatures (colors and symbols as in
Fig. 2). The full triangle (green) is measured by means of Brillouin
light scattering with a Fabry-Perot interferometer. The continuous
lines are the results of the cumulative χ 2 fit to Eq. (2), giving the
parameters γ ¼ 2.92  0.22, τð300KÞ ∼ 0.2 ps, and τð600KÞ∼
0.1 ps. The parameter ϵ2 is temperature independent within
experimental uncertainty and is equal to ϵ2 ¼ 0.531  0.018.
The correlation length a presents a mild temperature dependence,
as shown in the inset (a is the radius in the case of spherical
inclusions). The dashed lines are the Akhieser term ΓAK of Eq. (2).
The vertical line indicates T g .
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medium range order of network glasses. When the frequency
exceeds the value νc ¼ v=ð2πaÞ, the elastic response of the
glass becomes very similar to that of the corresponding
polycrystal, with excitations related to the acoustic and optic
modes of the crystal [3]. It is important to stress that in this
regime the Rayleigh-Gans model is only a rough approximation of the sound damping, because the IXS spectrum of
the glass is heterogeneously broadened, being composed of
more than one excitation, and the parameter Γ of the DHO
model cannot be regarded as the damping of a single sound
wave but only as an estimate of the width of the spectrum.
The observation of a temperature dependence of the
sound attenuation also implies a temperature dependence of
the DOS. The effect of the anharmonic contribution to the
DOS can be estimated using the formula [15,26]
Z Q
M
2ω
gðωÞ ¼
q2 dqfIm½GL ðq; ωÞ þ 2Im½GT ðq; ωÞg;
3
πQM 0
(3)
where QM is the maximum value of the wave vector, Im
indicates the imaginary part, and GL;T is the phonon
propagator for the longitudinal and transverse branches:
GL;T ðQ; ωÞ ¼ ½ω2 − Q2 σ L;T ðQ; ωÞ−1 :

(4)

In this expression σ L;T ðQ; ωÞ is a complex self-energy,
whose real part is the square of the apparent sound velocity
and the imaginary part is related to the sound attenuation
through the relation Q2 Im½σ ∼ ωΓ.
In the Debye approximation QM is the Debye wave vector
and the sound velocity is constant. It is thus natural to
assume the self-energy to be Q independent, a choice that
allows an analytical solution of the integral in Eq. (3). We
also make the hypothesis that ΓT ðωÞ ¼ ΓL ðωÞ, as suggested
by numerical simulations of vitreous silica [53]. The RDOS
computed with these assumptions is compared in Fig. 4(a)
with that measured by means of inelastic neutron scattering.
Details of the determination of the experimental RDOS can
be found in Ref. [47]. The model presents a peak in the
RDOS which is weaker and displaced to higher frequencies
with respect to the measured BP. Moreover, the model
predicts that the RDOS goes to the Debye level, dashed
horizontal line, at low frequencies, while the measured
RDOS remains much higher, presumably because of the
presence of additional relaxational processes [54]. The low
frequency limit of the computed RDOS depends on the
frequency dependence of ΓðωÞ, since the excess over the
Debye level is proportional to Γ=ω2 [15]. For this reason,
the presence of the Akhieser process implies the computed
DOS at low frequencies to be higher than the Debye level.
The model predictions for the 300 and 600 K DOS are
shown as dashed and dash-dotted lines and present a
variation with respect to the low temperature estimate, which
is comparable to that observed in the measured DOS.
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(b)
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FIG. 4 (color online). (a) RDOS measured by neutron scattering
[47] compared to the estimates based on Eq. (3). The dashed
horizontal line is the Debye limit, which is temperature independent, as explained in Ref. [47]. Blue continuous line is Eq. (3)
at 100 K under the hypothesis of ΓT ðωÞ ¼ ΓL ðωÞ. Dashed green
and dash-dotted red lines are the same model at 300 and 600 K,
respectively. The dotted line is Eq. (3) at 100 K under the
hypothesis of a constant bulk modulus, equivalent to the
assumption that σ T ðωÞ ¼ ð3=4Þσ L ðωÞ. (b) Difference between
the RDOS at the indicated temperatures and that at 100 K. The
dashed (green) and dash-dotted (red) lines are the ones of (a)
minus the continuous blue line.

We can check the generality of the result by varying
the hypothesis on the relation between ΓT ðωÞ and ΓL ðωÞ.
The assumption of a frequency-independent bulk modulus,
dotted line, is able to well describe the peak position but not
its intensity, demonstrating that all models, such as the recent
work of Ref. [16], based on Eq. (3) and the hypothesis of a
Q-independent self-energy, cannot simultaneously reproduce the DOS and the sound attenuation of silicate glasses.
The reason for this failure lies in the fact that the model
assumes an almost linear dispersion of the acoustic modes up
to the Debye frequency, neglecting the contribution coming
from a nonlinear dispersion of the acoustic branches, as
suggested by the full symbols in Fig. 2(a). However, the
model is able to quantitatively describe the effects of
temperature on the DOS, as shown in Fig. 4(b), where
we plot the difference between the RDOS and the one at
100 K, g0 ðωÞ=ω2 , at the two indicated temperatures.
In summary, we found evidence of a marked temperature
dependence of the sound attenuation of a network glass at
terahertz frequencies, a phenomenon that is reported here
for the first time. The temperature dependence can be
justified quantitatively in terms of the Akhieser mechanism.
This attenuation channel is superimposed to a Rayleigh
scattering process arising from fluctuations in the local
elastic modulus of the material. At low temperatures the
Akhieser contribution is negligible and the sound attenuation grows as ν4 in the low frequency range. When the
temperature is raised towards T g , the combination of the
two attenuation mechanisms leads to a sound damping that
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is approximately quadratic in frequency in the entire
frequency range. Finally, we have shown the anharmonicity
to have a strong effect on the DOS, whose temperature
dependence can be evaluated quantitatively in terms of that
of the sound attenuation.
The authors acknowledge D. Fioretto for the measurement of the sound attenuation with the Brillouin light
scattering technique.
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